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ON A CONJECTURE CONCERNING ENUMERATION
OF 2n× k N-TIMES PERSYMMETRIC MATRICES
OVER F2 BY RANK
JORGEN CHERLY
Re´sume´. Dans cet article nous annonc¸ons une conjecture concer-
nant l’e´nume´ration de 2n × k n- fois matrices persyme´triques sur
F2 par le rang.
Abstract. In this paper we announce a conjecture concerning
enumeration of 2n× k n-times persymmetric matrices over F2 by
rank.
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1. Introduction.
In this paper we propose a formula to compute the number Γ

 2...
2

×k
i
of rank i 2n × k n-times persymmetric matrices over F2 of the below
form for 0 6 i 6 inf(2n, k)
(1.1)


α
(1)
1 α
(1)
2 α
(1)
3 α
(1)
4 α
(1)
5 α
(1)
6 . . . α
(1)
k
α
(1)
2 α
(1)
3 α
(1)
4 α
(1)
5 α
(1)
6 α
(1)
7 . . . α
(1)
k+1
α
(2)
1 α
(2)
2 α
(2)
3 α
(2)
4 α
(2)
5 α
(2)
6 . . . α
(2)
k
α
(2)
2 α
(2)
3 α
(2)
4 α
(2)
5 α
(2)
6 α
(2)
7 . . . α
(2)
k+1
α
(3)
1 α
(3)
2 α
(3)
3 α
(3)
4 α
(3)
5 α
(3)
6 . . . α
(3)
k
α
(3)
2 α
(3)
3 α
(3)
4 α
(3)
5 α
(3)
6 α
(3)
7 . . . α
(3)
k+1
...
...
...
...
...
...
...
...
α
(n)
1 α
(n)
2 α
(n)
3 α
(n)
4 α
(n)
5 α
(n)
6 . . . α
(n)
k
α
(n)
2 α
(n)
3 α
(n)
4 α
(n)
5 α
(n)
6 α
(n)
7 . . . α
(n)
k+1


.
We remark that the n-times persymmetric matrice above is the most
simple case of all n-times persymmetric matrices over F2
More precisely we postulate that :
(1.2) Γ

 2...
2

×k
i = (2
i+1 − 1) · 2in +
i−1∑
j=0
a
(i)
j (k) · 2
jn
= (2n−1)(2n−2) . . . (2n−2E(
i−1
2
))·
[
(2i+1−1)·2(i−1−E(
i−1
2
))n+
i−2−E( i−1
2
)∑
j=0
α
(i)
j (k)·2
jn
]
if i < inf(2n, k).
(1.3) Γ

 2...
2

×k
i =
E( i
2
)∑
j=0
b
(i)
j (n) · 2
jk if i 6 inf(2n, k).
(1.4) Γ

 2...
2

×k
2n = 2
n
j=n∏
j=1
(2k − 22n−j) if k > 2n.
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(1.5) Γ

 2...
2

×k
k = 2
n(k+1) −
i=k−1∑
i=0
Γ

 2...
2

×k
i if k < 2n.
(1.6) a
(i)
i−1(k) = a(i) · 2
k + b(i) where a(i), b(i) ∈ Q.
2. Study concerning the formula (1.2)
2.1. Justification of the formula (1.2) in the case n=1. We con-
sider the following 2× k persymmetric matrice over F2.
(2.1)
(
α
(1)
1 α
(1)
2 α
(1)
3 α
(1)
4 α
(1)
5 α
(1)
6 . . . α
(1)
k
α
(1)
2 α
(1)
3 α
(1)
4 α
(1)
5 α
(1)
6 α
(1)
7 . . . α
(1)
k+1
)
.
We obtain from Daykin [3] or Cherly [4]
(2.2) Γ2×ki =


1 if i = 0,
3 if i = 1,
2k+1 − 4 if i = 2.
From the formula (1.2) with n=1, i=1 and k > 1 using (2.2) we obtain :
Γ2×k1 = (2
2 − 1) · 2 + a
(1)
0 (k) = 6 + a
(1)
0 (k) = 3, a
(1)
0 (k) = −3.
2.2. Justification of the formula (1.2) in the case n=2. We con-
sider the following 4× k double persymmetric matrice over F2.

α
(1)
1 α
(1)
2 α
(1)
3 α
(1)
4 α
(1)
5 α
(1)
6 . . . α
(1)
k
α
(1)
2 α
(1)
3 α
(1)
4 α
(1)
5 α
(1)
6 α
(1)
7 . . . α
(1)
k+1
α
(2)
1 α
(2)
2 α
(2)
3 α
(2)
4 α
(2)
5 α
(2)
6 . . . α
(2)
k
α
(2)
2 α
(2)
3 α
(2)
4 α
(2)
5 α
(2)
6 α
(2)
7 . . . α
(2)
k+1

 .
We obtain from Cherly [5]
(2.3) Γ
[ 22 ]×k
i =


1 if i = 0,
9 if i = 1,
3 · 2k+1 + 30 if i = 2,
21 · 2k+1 − 168 if i = 3,
22k+2 − 3 · 2k+4 + 128 if i = 4.
From the formula (1.2) with n=2, i=1 and k > 1 using (2.3) we obtain :
Γ
[ 22 ]×k
1 = (2
2 − 1) · 22 + a
(1)
0 (k) = 12 + a
(1)
0 (k) = 12− 3 = 9.
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From the formula (1.2) with n=2, i=2 and k > 2 using (2.3) we obtain :
Γ
[ 22 ]×k
2 = (2
3 − 1) · 24 + a
(2)
0 (k) + 4 · a
(2)
1 (k) = 3 · 2
k+1 + 30.
From (1.2) we deduce :
(2.4) a
(2)
j (k) =
{
−2k+1 + 18 if j = 0,
2k+1 − 25 if j = 1.
From the formula (1.2) with n=2, i=3 and k > 3 using (2.3) we obtain :
Γ
[ 22 ]×k
3 = (2
4−1) ·26+a
(3)
0 (k)+4 ·a
(3)
1 (k)+2
4 ·a
(3)
2 (k) = 21 ·2
k+1−168.
From (1.2) we deduce :
(2.5) a
(3)
j (k) =


14 · 2k − 176 if j = 0,
−21 · 2k + 294 if j = 1,
7 · 2k − 133 if j = 2.
2.3. Justification of the formula (1.2) in the case n=3. We con-
sider the following 6× k triple persymmetric matrice over F2

α
(1)
1 α
(1)
2 α
(1)
3 α
(1)
4 α
(1)
5 α
(1)
6 . . . α
(1)
k
α
(1)
2 α
(1)
3 α
(1)
4 α
(1)
5 α
(1)
6 α
(1)
7 . . . α
(1)
k+1
α
(2)
1 α
(2)
2 α
(2)
3 α
(2)
4 α
(2)
5 α
(2)
6 . . . α
(2)
k
α
(2)
2 α
(2)
3 α
(2)
4 α
(2)
5 α
(2)
6 α
(2)
7 . . . α
(2)
k+1
α
(3)
1 α
(3)
2 α
(3)
3 α
(3)
4 α
(3)
5 α
(3)
6 . . . α
(3)
k
α
(3)
2 α
(3)
3 α
(3)
4 α
(3)
5 α
(3)
6 α
(3)
7 . . . α
(3)
k+1


.
We obtain from Cherly [6]
(2.6)
Γ
[
2
2
2
]
×k
i =


1 if i = 0,
21 if i = 1,
7 · 2k+1 + 266 if i = 2,
147 · 2k+1 + 1344 if i = 3,
7 · 22k+2 + 651 · 2k+2 − 22624 if i = 4,
105 · 22k+2 − 315 · 2k+5 + 53760 if i = 5,
23k+3 − 7 · 22k+6 + 7 · 2k+10 − 32768 if i = 6, k ≥ 6.
From the formula (1.2) with n=3, i=1 and k > 1 using (2.4) we obtain :
Γ
[
2
2
2
]
×k
1 = (2
2 − 1) · 23 + a
(1)
0 (k) = 24 + a
(1)
0 (k) = 24− 3 = 21.
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From the formula (1.2) with n=3, i=2 and k > 2 using (2.4) we
obtain :
Γ
[
2
2
2
]
×k
2 = (2
3−1)·26+a
(2)
0 (k)+8·a
(2)
1 (k) = 7·64+(−2
k+1+18)+8·(2k+1−25) = 7·2k+1+266.
From the formula (1.2) with n=3, i=3 and k > 3 using (2.5) we
obtain :
Γ
[
2
2
2
]
×k
3 = (2
4 − 1) · 29 + a
(3)
0 (k) + 8 · a
(3)
1 (k) + 2
6 · a
(3)
2 (k)
= 15 · 512 + (14 · 2k − 176) + 8 · (−21 · 2k + 294) + 64 · (7 · 2k − 133)
= 147 · 2k+1 + 1344.
From the formula (1.2) with n=3, i=4 and k > 4 using (2.6) we
obtain :
Γ
[
2
2
2
]
×k
4 = (2
5 − 1) · 212 + a
(4)
0 (k) + 2
3 · a
(4)
1 (k) + 2
6 · a
(4)
2 (k) + 2
9 · a
(4)
3 (k)
= 7 · 22k+2 + 651 · 2k+2 − 22624
= 31 · 212 +
22k+2 − 117 · 2k+2 + 9440
3
+ 23 · (−22k+1 + 269 · 2k − 5744)
+ 26 · (
22k+2 − 783 · 2k + 19028
6
) + 29 · (
35 · 2k − 1210
2
).
Thus we have :
(2.7) a
(4)
j (k) =


22k+2−117·2k+2+9440
3
if j = 0,
−22k+1 + 269 · 2k − 5744 if j = 1,
22k+2−783·2k+19028
6
if j = 2,
35·2k−1210
2
if j = 3.
From the formula (1.2) with n=3, i=5 and k > 5 using (2.6) we obtain :
Γ
[
2
2
2
]
×k
5 = (2
6 − 1) · 215 +
4∑
i=0
a
(5)
i (k) · 2
3i
= (23 − 1)(23 − 2)(23 − 22) ·
[
(26 − 1) · 26 + α
(5)
0 (k) + α
(5)
1 (k) · 2
3
]
= 168 ·
[
4032 + α
(5)
0 (k) + α
(5)
1 (k) · 2
3
]
= 63 · 215 + 212 ·
[
α
(5)
1 (k)− 441
]
+ 29 ·
[
α
(5)
0 (k)− 7 · α
(5)
1 (k) + 882
]
+ 26 ·
[
− 7 · α
(5)
0 (k) + 14 · α
(5)
1 (k)− 1008
]
+ 23 ·
[
14 · α
(5)
0 (k)− 8 · α
(5)
1 (k)
]
− 8 · α
(5)
0 (k)
= 105 · 22k+2 − 315 · 2k+5 + 53760.
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We then obtain :
(2.8) α
(5)
0 (k) + 8 · α
(5)
1 (k) =
5
2
· 22k − 60 · 2k − 3712.
and
(2.9) a
(5)
i (k) =


−8 · α
(5)
0 (k) if i = 0,
14 · α
(5)
0 (k)− 8 · α
(5)
1 (k) if i = 1,
−7 · α
(5)
0 (k) + 14 · α
(5)
1 (k)− 1008 if i = 2,
α
(5)
0 (k)− 7 · α
(5)
1 (k) + 882 if i = 3,
α
(5)
1 (k)− 441 if i = 4.
We shall need the following result from Theorem 5.2 in Cherly [12]
(2.10) Γ
[
2
2
2
2
]
×k
5 = 6300 · (2
2k + 100 · 2k − 1856).
From the formula (1.2) with n=4, i=5 and k > 5 using (2.10) we
obtain :
Γ
[
2
2
2
2
]
×k
5 = (2
4 − 1)(24 − 2)(24 − 22) ·
[
(26 − 1) · 28 + α
(5)
0 (k) + α
(5)
1 (k) · 2
4
]
= 2520 ·
[
16128 + α
(5)
0 (k) + α
(5)
1 (k) · 2
4
]
= 6300 · (22k + 100 · 2k − 1856).
We then obtain :
(2.11) α
(5)
0 (k) + 16 · α
(5)
1 (k) =
5
2
· 22k + 250 · 2k − 20768.
From (2.8) and (2.11) we get :
(2.12) α
(5)
j (k) =
{
5
2
· 22k − 370 · 2k + 13344 if j = 0,
155
4
· 2k − 2132 if j = 1.
We then deduce from (2.9) and (2.12)
(2.13) a
(5)
i (k) =


−20 · 22k + 2960 · 2k − 106752 if i = 0,
35 · 22k − 5490 · 2k + 203872 if i = 1,
1
2
· (−35 · 22k + 6265 · 2k − 247520) if i = 2,
5
2
· 22k − 2565
4
· 2k + 29150 if i = 3,
155
4
· 2k − 2573 if i = 4.
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3. Study concerning the formula (1.4)
3.1. Justification of the formula (1.4) in the case n=1. From the
formula (1.4) with n=1, i=2 and k > 2 using (2.2) we obtain :
Γ2×k2 = 2
n
j=n∏
j=1
(2k − 22n−j) = 2 · (2k − 2) = 2k+1 − 4.
3.2. Justification of the formula (1.4) in the case n=2. From the
formula (1.4) with n=2, i=4 and k > 4 using (2.3) we obtain :
Γ
[ 22 ]×k
4 = 2
n
j=n∏
j=1
(2k−22n−j) = 22·(2k−23)(2k−22) = 22k+2−3·2k+4+128.
3.3. Justification of the formula (1.4) in the case n=3. From the
formula (1.4) with n=3, i=6 and k > 6 using (2.6) we obtain :
Γ
[
2
2
2
]
×k
6 = 2
n
j=n∏
j=1
(2k−22n−j) = 23·(2k−25)(2k−24)(2k−23) = 23k+3−7·22k+6+7·2k+10−32768.
4. Study concerning the formula (1.3)
4.1. Justification of the formula (1.3) in the case n=1. From the
formula (1.3) with n=1 and using (2.2) we obtain :(
b
(1)
0 (1) 0
b
(2)
0 (1) b
(2)
1 (1)
)
=
(
3 0
−4 2
)
.
4.2. Justification of the formula (1.3) in the case n=2. From the
formula (1.3) with n=2 and using (2.3) we obtain :

b
(1)
0 (2) 0 0
b
(2)
0 (2) b
(2)
1 (2) 0
b
(3)
0 (2) b
(3)
1 (2) 0
b
(4)
0 (2) b
(4)
1 (2) b
(4)
2 (2)

 =


9 0 0
30 6 0
−168 42 0
128 −48 4

 .
4.3. Justification of the formula (1.3) in the case n=3. From the
formula (1.3) with n=3 and using (2.6) we obtain :


b
(1)
0 (3) 0 0 0
b
(2)
0 (3) b
(2)
1 (3) 0 0
b
(3)
0 (3) b
(3)
1 (3) 0 0
b
(4)
0 (3) b
(4)
1 (3) b
(4)
2 (3) 0
b
(5)
0 (3) b
(5)
1 (3) b
(5)
2 (3) 0
b
(6)
0 (3) b
(6)
1 (3) b
(6)
2 (3) b
(6)
3 (3)


=


21 0 0 0
266 14 0 0
1344 294 0 0
−22624 2604 28 0
53760 −10080 420 0
−32768 7168 −448 8

 .
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5. Study concerning the formula (1.5)
Obviously we have :
i=k∑
i=0
Γ

 2...
2

×k
i = 2
n(k+1) if k < 2n.
6. Study concerning the formula (1.6)
From Lemma 3.3 in Cherly[15] we obtain :
(6.1) a
(i)
i−1(k) =


2 · 2k − 25 if i = 2,
7 · 2k − 133 if i = 3,
35
2
· 2k − 605 if i = 4,
155
4
· 2k − 2573 if i = 5,
651
8
· 2k − 10605 if i = 6,
2667
16
· 2k − 43053 if i = 7.
In the following Lemma we compute explicitly
a
(i)
i−1(k)
for all i and k > i.
Lemma 6.1. We postulate that :
a
(i)
i−1(k) = a(i) · 2
k + b(i) =
22i−1−3·2i−1+1
3
2i−3
· 2k −
22i+3 − 15 · 2i + 7
3
(6.2)
Proof. Consider (6.1).
Set :
aj =


1 if j = 2,
7 if j = 3,
35 if j = 4,
155 if j = 5,
651 if j = 6,
2667 if j = 7.
bj =


25 if j = 2,
133 if j = 3,
605 if j = 4,
2573 if j = 5,
10605 if j = 6,
43053 if j = 7.
We observe that the sequence {aj | j > 3} satisfy the following recur-
rence relation aj = 4 ·aj−1+(2
j−1−1) with the initial condition a2 = 1.
Using successively the above recurrent relation we obtain :
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aj = 4 · aj−1 + (2
j−1 − 1)
4 · aj−1 = 4
2 · aj−2 + 4 · (2
j−2 − 1)
42 · aj−2 = 4
3 · aj−3 + 4
2 · (2j−3 − 1)
...
4j−4 · a4 = 4
j−3 · a3 + 4
j−4 · (23 − 1)
4j−3 · a3 = 4
j−2 · a2 + 4
j−3 · (22 − 1)
Summing the above equations we obtain :
aj = 2
2j−4 · a2 +
l=j−3∑
l=0
22l · (2j−1−l − 1) =
22j−1 − 3 · 2j−1 + 1
3
.
Equally we observe that the sequence {bj | j > 3} satisfy the following
recurrence relation bj = 4 · bj−1 + 33 + 40 · (2
j−3 − 1) with the initial
condition b2 = 25.
Using as before successively the above recurrent relation we obtain :
bj = 4 · bj−1 + 33 + 40 · (2
j−3 − 1)
4 · bj−1 = 4
2 · bj−2 + 33 · 4 + 40 · 4 · (2
j−4 − 1)
42 · bj−2 = 4
3 · bj−3 + 33 · 4
2 + 40 · 42 · (2j−5 − 1)
...
4j−4 · b4 = 4
j−3 · b3 + 33 · 4
j−4 + 40 · 4j−4 · (21 − 1)
4j−3 · b3 = 4
j−2 · b2 ++33 · 4
j−3 + 40 · 4j−3 · (20 − 1)
Summing the above equations we obtain :
bj = 2
2j−4·b2+33·
l=j−3∑
l=0
4l+40·
l=j−3∑
l=0
22l·(2j−3−l−1) =
22j+3 − 15 · 2j + 7
3
.

Example.
(6.3) a
(8)
7 (k) =
215−3·27+1
3
25
·2k−
219 − 15 · 28 + 7
3
=
10795
32
·2k−173485.
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7. Computation of Γ

 2...
2

×k
8 using the formula (1.4)
We recall (see section 1 ) that Γ

 2...
2

×k
8 denotes the number of rank
8 n-times persymmetric matrices over F2 of the form (1.1).
We shall need the following Lemma :
Lemma 7.1.
(7.1)
Γ

 2...
2

×k
8 =


0 if n = 0,
0 if n = 1,
0 if n = 2,
0 if n = 3,
16 ·
[
24k − 240 · 23k + 17920 · 22k − 491520 · 2k + 222
]
if n = 4,
496 ·
[
24k + 9525 · 23k − 2169440 · 22k
+211 · 68115 · 2k − 9749 · 218
]
if n = 5,
10416 ·
[
24k + 29055 · 23k + 52983280 · 22k
−210 · 10751745 · 2k + 7323814 · 216
]
if n = 6.
(7.2)
Γ

 2...
2

×k
8 =


511 · 28n − 765 · 27n − 127762 · 26n + 440496 · 25n + 8456800 · 24n
−57511680 · 23n + 118013952 · 22n − 83951616 · 2n + 14680064 if k = 9,
511 · 28n + 171955 · 27n − 897890 · 26n − 38376240 · 25n
+323250144 · 24n + 271514880 · 23n − 436135 · 214 · 22n
+242795 · 216 · 2n − 4445 · 221 if k = 10.
Proof. Lemma 7.1 follows from Cherly [12,13,14,15 and 16 ] 
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Lemma 7.2. We postulate that :
Γ

 2...
2

×k
8 = 511 · 2
8n +
[10795
32
· 2k − 173485
]
· 27n
+
[3937
27
· 22k −
1559941
25
· 2k + 16768318
]
· 26n
+
[31
26
· 23k −
261919
27
· 22k +
34854113
16
· 2k − 643492720
]
· 25n
+
[ 1
315 · 22
· 24k −
20437
21 · 26
· 23k +
25012451
9 · 26
· 22k
−
3341482313
84
· 2k + 7289277664 +
35464937 · 215
315
]
· 24n
+
[
−
1
21 · 22
· 24k +
102825
21 · 25
· 23k −
126707455
21 · 24
· 22k
+(110225510 +
5819785
7
· 28) · 2k −
7081677751 · 28
21
]
· 23n
+
[ 1
18
· 24k −
14735
24
· 23k +
25506523
18
· 22k
−
55123739 · 26
3
· 2k +
169923845 · 214
9
]
· 22n
+
[
−
2
21
· 24k +
20661
21
· 23k −
6603656
3
· 22k
+
24591157 · 29
7
· 2k −
150434993 · 216
21
]
· 2n
+
16
315
·
[
24k − 10005 · 23k + 22047760 · 22k
−17459355 · 210 · 2k + 35464937 · 217
]
=
24k
1260
·
[
24n − 15 · 23n + 70 · 22n − 120 · 2n + 64
]
+
23k
21 · 26
·
[
24n − 15 · 23n + 70 · 22n − 120 · 2n + 64
]
·
[
651 · 2n − 10672
]
+
22k
315 · 27
·
[
24n − 15 · 23n + 70 · 22n − 120 · 2n + 64
]
·
[
1240155 · 22n − 63902160 · 2n + 22047760 · 25
]
+
2k
21 · 25
·
[
24n − 15 · 23n + 70 · 22n − 120 · 2n + 64
]
·
[
226695 · 23n − 29358336 · 22n
+1007629056 · 2n − 1163957 · 213
]
+
1
315
[
24n − 15 · 23n + 70 · 22n − 120 · 2n + 64
]
·
[
160965 · 24n − 52233300 · 23n
+4487253120 · 22n − 131715763200 · 2n + 1162115055616
]
for k > 9.
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Proof. From the formula (1.4) with i=8 we get
Γ

 2...
2

×k
8 = 511 · 2
8n + a
(8)
0 (k) + a
(8)
1 (k) · 2
n + a
(8)
2 (k) · 2
2n + a
(8)
3 (k) · 2
3n + a
(8)
4 (k) · 2
4n
(7.3)
+a
(8)
5 (k) · 2
5n + a
(8)
6 (k) · 2
6n + a
(8)
7 (k) · 2
7n
= (2n − 1)(2n − 2)(2n − 22)(2n − 23) · [511 · 24n + α
(8)
3 (k) · 2
3n + α
(8)
2 (k) · 2
2n + α
(8)
1 (k) · 2
n + α
(8)
0 (k)].
From (7.3) we deduce :
(7.4)
a
(8)
j (k) =


α
(8)
3 (k)− 7665 if j = 7,
−15 · α
(8)
3 (k) + α
(8)
2 (k) + 35770 if j = 6,
70 · α
(8)
3 (k)− 15 · α
(8)
2 (k) + α
(8)
1 (k)− 61320 if j = 5,
−120 · α
(8)
3 (k) + 70 · α
(8)
2 (k)− 15 · α
(8)
1 (k) + α
(8)
0 (k) + 32704 if j = 4,
64 · α
(8)
3 (k)− 120 · α
(8)
2 (k) + 70 · α
(8)
1 (k)− 15 · α
(8)
0 (k) if j = 3,
64 · α
(8)
2 (k)− 120 · α
(8)
1 (k) + 70 · α
(8)
0 (k) if j = 2,
64 · α
(8)
1 (k)− 120 · α
(8)
0 (k) if j = 1,
64 · α
(8)
0 (k) if j = 0.
From (6.3) and (7.4) we get :
(7.5)
α
(8)
3 (k) = a
(8)
7 (k)+7665 =
10795
32
·2k−173485+7665 =
10795
32
·2k−165820.
From (7.3) using (7.5) we obtain :
α
(8)
2 (k) · 2
2n + α
(8)
1 (k) · 2
n + α
(8)
0 (k)(7.6)
=
1
(2n − 1)(2n − 2)(2n − 22)(2n − 23)
· Γ

 2...
2

×k
8 − 511 · 2
4n − (
10795
32
· 2k − 165820) · 23n.
Combining (7.6) and (7.1) with n=4 we deduce :
256 · α
(8)
2 (k) + 16 · α
(8)
1 (k) + α
(8)
0 (k)(7.7)
=
1
1260
·
[
24k − 240 · 23k + 17920 · 22k − 491520 · 2k + 222
]
− 27 · 10795 · 2k + 645709824.
Combining (7.6) and (7.1) with n=5 we deduce :
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1024 · α
(8)
2 (k) + 32 · α
(8)
1 (k) + α
(8)
0 (k)(7.8)
=
1
1260
·
[
24k + 9525 · 23k − 2169440 · 22k + 211 · 68115 · 2k − 9749 · 218
]
−10795 · 210 · 2k + 4897767424.
Combining (7.6) and (7.1) with n=6 we deduce :
4096 · α
(8)
2 (k) + 64 · α
(8)
1 (k) + α
(8)
0 (k)(7.9)
1
1260
·
[
24k + 29055 · 23k + 52983280 · 22k − 210 · 10751745 · 2k + 7323814 · 216
]
−10795 · 213 · 2k + 33279 · 220.
Using (7.5), (7.7), (7.8) and (7.9) we get :
(7.10)
α
(8)
j (k) =


1
1260
·
[
24k − 10005 · 23k + 22047760 · 22k − 17459355 · 210 · 2k + 35464937 · 217
]
if j = 0,
31
26
· 23k −
12679
23
· 22k + 1499448 · 2k − 408345 · 210 if j = 1,
3937
27
· 22k − 43688 · 2k + 222582 · 26 if j = 2,
10795
32
· 2k − 165820 if j = 3.
From (7.4) and (7.10) we prove Lemma 7.2. 
Example. Applying Lemma 7.2 with k respectively equal to 9 and 10
we deduce (7.2).
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